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We show that if A is a semisimple Hopf algebra of dimension pq2 over an alge-
braically closed field k of characteristic zero, then under certain restrictions either
A or A∗ must have a non-trivial central group-like element. We then classify all
semisimple Hopf algebras of dimension pq2 over k which are not simple as Hopf
algebras. We also determine all isomorphism classes of Hopf algebras of dimension
pqr obtained as abelian extensions. © 1999 Academic Press
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0. INTRODUCTION
This article deals with the problem of the classification of semisimple
Hopf algebras over algebraically closed fields of characteristic zero. The
reader can find in [Mo] the main results on this subject.
Let p, q; and r be prime numbers, not all equal. By previous works on
classification ([EG2, GW, Ma, Ma4, Z]), it is known that semisimple Hopf
algebras of dimension p, q2; and pq, p 6= q, over k are trivial; i.e., they are
isomorphic to a group algebra or to a dual group algebra. Also, semisimple
Hopf algebras of dimension p3 fall into p + 8 isomorphism classes [Ma],
and all cases have a non-trivial central group-like element (this is in general
true for dimension pn, n ≥ 1 [Ma5]). On the other hand, if p 6= q, the
known examples of non-trivial semisimple Hopf algebras of dimension pq2
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over k appear in [G], for the case p = 1mod q, and in [Ma2] for the
case p = 2 (although the construction goes mutatis mutandis in the case
q = 1modp): these are all central extensions.
We consider here the question of whether, for a semisimple Hopf al-
gebra A of dimension pq2, it is always true that either A or A∗ has a
non-trivial central group-like element. We show that under certain restric-
tions, the answer to this question is affirmative. See (3.10.1) and (3.11.1).
These results are also valid for semisimple and cosemisimple Hopf algebras
of dimension pq2 over algebraically closed fields of positive characteristic
(necessarily distinct from p and q) by virtue of the lifting theorem [EG3]
(compare with [EG3, Theorem 3.10]).
We also classify all semisimple Hopf algebras of dimension pq2, p 6= q,
over an algebraically closed field k of characteristic zero, which are not sim-
ple as Hopf algebras. We show in particular that the problem reduces to
that of classifying abelian extensions. By a result of G. I. Kac, these exten-
sions are classified by a cohomology group Opext; see for instance [Ma3].
We prove that if A is a non-trivial semisimple Hopf algebra of dimension
pq2 over k, such that A is not simple as a Hopf algebra, then necessarily
p = 1mod q or q = 1modp. In the first case, there are q isomorphism
classes: these are the (self-dual) examples in [G]. In the second case, when
p = 2 there are two isomorphim classes: these correspond to the exam-
ples in [Ma2]; and when p is odd, there are p + 1 isomorphism classes:
two of these correspond to the Hopf algebras B0 and B
∗
0, where B
∗
0 is (the
generalization of) the example in [Ma2], and the remaining p − 1 exam-
ples consist of the Hopf algebras Bλj , 1 ≤ j ≤ p−12 , and their duals, where
0 < λj < p− 1 are units modulo p, such that λiλj 6= 1modp, if i 6= j. See
(1.3.11), (1.4.9) for the definition of Bλ. We remark that the Hopf algebras
Bλj have no non-trivial central group-like element. See Theorem (3.12.4).
Combining (3.10.1), (3.11.1), and (3.12.4), we conclude the classification of
a wide class of semisimple Hopf algebras of dimension pq2; in particular,
we prove:
Theorem. Let A be a semisimple Hopf algebra of dimension pq2 over
k. If p = 2 and A is non-trivial, then A is isomorphic to either of the Hopf
algebras B0 or B
∗
0.
Suppose p > 2 and either
(1) p < q and A or A∗ is of Frobenius type.
(2) p2 < q.
(3) p = 3; q > 2.
If A is non-trivial, then q = 1modp and A falls into either of the p+ 1
isomorphism classes represented by B0, Bλj , 1 ≤ j ≤ p−12 , and their duals.
Finally, if p > q4 and p 6= 1mod q, then A is trivial.
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This extends previous classification results for dimensions 12 [F] and 18
[Ma2]. In [Mo] the author raised the problem of classifying semisimple
Hopf algebras of dimension less than 60. Our contribution to this problem
is the 50-dimensional case. Another low-dimensional case covered by our
results is dimension 75.
The article is organized as follows: in Section 1 we recall some basic prop-
erties of Hopf algebra extensions and in particular of abelian extensions; in
(1.3) and (1.4) we classify, up to isomorphisms, Hopf algebras A of dimen-
sion pqr, r < p, which fit into an extension 1 → k0 → A → kF → 0,
where 0 is a group of order pr and F is the cyclic group of order q,
and Hopf algebras A of dimension pq2, p 6= q, fitting into an extension
1→ k0 → A→ kF → 0, where 0÷/q⊕ /q and F is the cyclic group
of order p. In Section 2 we collect basic tools on semisimple Hopf alge-
bras. This section contains some new results that exceed the dimension
pq2 case, and could be of use in other situations (see for instance (2.1.1),
(2.2.3), (2.3.2)). Subsection 2.3 contains also a shorter proof of the trivial-
ity of semisimple Hopf algebras of dimension pq. Then, in Section 3, we
combine the work in the previous sections to prove our main results in the
dimension pq2 case.
Suppose r < q < p. Under the assumption that p = 1mod rq, a non-
trivial, not self-dual, Hopf algebra of dimension pqr is constructed in [AN,
(2.3.1)] via a double process of extension. We denote this Hopf algebra by
Apr; q. In Section 4, we apply the results in Section 1, to show that non-
trivial Hopf algebras of dimension pqr obtained as abelian extensions are
necessarily isomorphic to exactly one of Apr; q or Apq; r÷Apr; q∗, if
p = 1mod rq, and there are no non-trivial examples if p 6= 1mod rq.
Conventions
Throughout, k will denote an algebraically closed field of characteristic
zero. For a Hopf algebra H, we use the notation GH∗ x= AlgkH;k.
That is, GH∗ is the group of group-like elements in the restricted dual of
A. For a finite dimensional Hopf algebra H, DH will denote the Drinfeld
double of H, and RH ⊆ H∗ will denote the character algebra of H. We
refer the reader to [A, AD, Ma3] for the theory of Hopf algebra extensions,
and to [CE, BR] for the basic facts on low dimensional group cohomology
used throughout.
1. EXTENSIONS
In this section we aim to classify Hopf algebras fitting into certain abelian
extensions. See (1.3) and (1.4). For this, we first list some basic results on
Hopf algebra extensions.
semisimple hopf algebras 245
1.1. Cleft Extensions of Hopf Algebras
Let K, H be Hopf algebras. Let also
⇀ x H ⊗K→ K; ρx H → H ⊗K; σx H ⊗H → K;
τx H → K ⊗K;
be a set of compatible data, i.e., such that conditions (i)–(v) in [AD, Theo-
rem 2.20], are satisfied. We will say that ⇀ (respectively, ρ) is a weak
action (respectively, a weak coaction), and σ (respectively, τ) is a cocycle
(respectively, a dual cocycle).
Assume also that σ and τ are convolution invertible. Then there is an
associated Hopf algebraA = Kρ; τ#⇀;σH, whose underlying vector space is
K⊗H, and whose multiplication, comultiplication, and antipode are given,
respectively, by (2.5), (2.15), and (2.25) in [AD]. The Hopf algebra A =
Kρ; τ#⇀;σH fits into an extension [AD, 1.2]
1→ K ι→A pi→H → 1: (1.1.1)
In this case, the maps ι and pi are the natural ones: ιa = a#1, pia#b =
ab, ∀a ∈ K, b ∈ H. This extension is moreover cleft [A, Definition 3.1.3].
On the other hand, if A is a Hopf algebra that admits an extension as in
(1.1.1), and if this extension is cleft, then there exists a compatible datum
⇀;ρ;σ; τ as above, such that A÷Kρ;τ#⇀;σH.
Let RegH;K denote the group of all convolution invertible linear maps
f x H → K. If ⇀x H ⊗ K → K is a weak action, and σx H ⊗H → K is
an invertible linear map, then f⇀x H ⊗ K → K is a weak action, and
f σx H ⊗H → K is an invertible linear map, where
bf⇀a = f b1b2 ⇀ af−1b3; (1.1.2)
f σb; d = f b1b2 ⇀ f d1σb3; d2f−1b4d3: (1.1.3)
Dually, if ρx H → H ⊗ K is a weak coaction and τx H → K ⊗ K is an
invertible linear map, then ρf x H → H ⊗ K and τf x H → K ⊗ K are,
respectively, a weak coaction and an invertible linear map, where
ρf b = (1⊗ f−1b1ρb2(1⊗ f b3; (1.1.4)
τf b = 1f−1b1τb2f ⊗ idρb3
(
1⊗ f b4

: (1.1.5)
See [AD, 3.1]. Suppose ⇀;ρ;σ; τ is a compatible datum for the pair
K;H, and let f ∈ Reg1; H;K x= f ∈ RegH;Kx f 1 = 1; f = .
It follows from [AD, Lemma 3.1.6] that there is an isomorphism of Hopf
algebras
Kρ;τ#⇀;σH÷Kρ
f−1 ; τf−1 #f⇀; f σH: (1.1.6)
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Denote by ↼x K∗ ⊗H → K∗, the weak action obtained from ⇀x H ⊗
K → K by transposition, i.e., α ↼ h; a = α; h ⇀ a, for all α ∈ K∗,
a ∈ K, h ∈ H. Clearly, ↼ is an action if and only if ⇀ is.
Lemma 1.1.7. The extension (1.1.1) gives rise to an exact sequence of
groups
1→ GH∗ i→GA∗ p→GK∗;
where i = tpiGH∗ and p = t ιGA∗. Assume in addition that (1.1.1) is cleft.
Then the image of p is contained in
GK∗H x= η ∈ GK∗x η ↼ h = hη; ∀ h ∈ H}:
Proof. It is clear that i and p are group homomorphisms and i is in-
jective. Also, the relation pi = 1 follows from piι = K1H . On the other
hand, if χ ∈ GA∗ = AlgkA;k is such that pχ = tιχ = χK = K ,
then χAK+ = 0, and since H = A/AK+, we find that χ factorizes through
H; this means that there exists χ ∈ AlgkH;k = GH∗ such that χ =
χ ◦ pi = tpiχ = iχ. So the first claim follows.
Assume now that the extension (1.1.1) is cleft. Let γx H → A be an
invertible section, so that h ⇀ a = γh1aγ−1h2, for all a ∈ K, h ∈ H.
Let χ ∈ GA∗y then we have
pχ↼ h;a = 〈pχ; γh1aγ−1h2 = 〈χ; γh1χ; a〈χ; γ−1h2
= χ; a〈χ; γh1γ−1h2 = hpχ; a;
for all h ∈ H, a ∈ K. This implies the second claim and the lemma.
The following lemma will be often used in Section 3.
Lemma 1.1.8. Let H be a finite dimensional Hopf algebra. Suppose H
has a Hopf subalgebra B, and one-dimensional representation η, such that
ηB = B. Then
(i) The order of η in GH∗ divides H x B.
(ii) Assume that the order of η in GH∗ equals H x B. Then there
is an extension of Hopf algebras 1→ B→ H J−→ kη → 1, where the map
J is the transpose of the inclusion kη∗ = kη ⊆ kGH∗.
Proof. Observe that the map Jx H → kη = kη∗ is given by
Jh; ηi = ηi; h. So B ⊆ Hco J , and claim (i) follows from [NZ] (since
Hco J is a left B;H-Hopf module). As to (ii), because of the hypothe-
sis η = H x B, we have B = Hco J ; hence the claim follows from [Ma3,
Lemma-Definition 3.1].
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Suppose that H;K are Hopf algebras, ⇀x H ⊗K→ K is a weak action,
and σx H ⊗H → K is an invertible cocycle for the given action, such that
(⇀, σ , ρtriv, τtriv) is a compatible data. In this case, the resulting Hopf
algebra is called the twisted smash product Hopf algebra, and is denoted by
K#⇀;σH. See [AN, (1.2)].
Lemma 1.1.9. Let H;K be Hopf algebras, ⇀x H⊗K→ K a weak action,
and σx H ⊗H → K an invertible cocycle for the given action, such that (⇀,
σ , ρtriv, τtriv) is a compatible data. Let also f x K → K and F x H → H, be
Hopf algebra automorphisms. Define ⇀′x H ⊗K→ K, and σ ′x H ⊗H → K,
by the formulas
h ⇀′ t = f Fh⇀ f−1t and σ ′ = f ◦ σ ◦ F ⊗ F:
Then (⇀′, σ ′, ρtriv, τtriv) is a compatible data, and the Hopf algebras
K#⇀;σH and K#⇀′; σ ′H are isomorphic.
Proof. It is not difficult to show that (⇀′, σ ′, ρtriv, τtriv) is a compatible
datum. As to the last claim, it is straightforward to verify that the map
F x K#⇀;σH → K#⇀′; σ ′H, given by F t#h = f t#F−1h, is a Hopf
algebra isomorphism.
1.2. Application to Abelian Extensions
Suppose now K is commutative, H is cocommutative, and both K and
H are finite dimensional. In this case K÷k0 and H ÷kF , for some finite
groups 0 and F . Extensions of the kind
1→ k0→ A→ kF → 1 (1.2.1)
are called abelian. They are classified by a cohomology group, Opext
k0; kF; cf. [Ma3]. In particular, by [BM], A is necessarily semisimple. In
the situation of (1.2.1), the afforded weak action ⇀x kF ⊗ k0 → k0 and
the afforded weak coaction ρx kF → kF ⊗ k0 correspond, respectively, to
actions by permutations
G x 0× F → 0 and F x 0× F → F: (1.2.2)
The correspondence is given as follows: if δs ∈ k0 is defined by δs; s′ =
δs;s′ , s; s′ ∈ 0, and similarly for δx, x ∈ F , then
x ⇀ δs = δsGx−1 and ρx =
X
s∈0
s F x ⊗ δs; (1.2.3)
for all s ∈ 0, x ∈ F . The compatibility conditions between ⇀ and ρ say that
the cartesian product F × 0 becomes a group, denoted by F FG 0, with the
product
x; sy; t x= (xs F y; s G yt; (1.2.4)
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for s; t ∈ 0, x; y ∈ F . In particular F ÷F × 1 and 0÷ 1× 0 become sub-
groups of F FG 0, and we have F (respectively, 0) normal in F FG 0 iff G
is trivial (respectively, F is trivial); in this case Fx 0× F → F (respectively,
Gx 0× F → 0) is an action by group automorphisms, and the group F FG 0
coincides with the semidirect product group associated to F (respectively,
to G).
Under the above correspondence, the invertible cocycle σx kF ⊗ kF →
k0 corresponds to a normalized 2-cocycle σx F × F → k0×, with respect
to the action by group automorphisms ⇀ of F on the multiplicative group
k0×. Similarly, the invertible dual cocycle τx kF → k0 ⊗ k0 corresponds
to a normalized 2-cocycle τx 0× 0→ kF×.
The following basic cohomology lemma will be of use.
Lemma 1.2.5. Let the extension (1.2.1). Suppose that for all prime num-
bers p, the p-Sylow subgroups of 0 are cyclic. Then H20; kF× = 0.
Proof. Call M = kF×. Let p be a prime number, and denote by
H20;Mp the p-primary component of H20;M. Then H20;M is the
sum of all H20;Mp, where p ranges over the set of prime divisors of the
order of 0 [CE, Chap. XII, Section 10]. Also, if P is a p-Sylow subgroup of
0, the transfer map T 0;Px HmP;M → Hm0;Mp is an epimorphism,
m ≥ 1 [CE, Chap. XII, Theorem 10.1]. Thus, it will be enough to show that
H2P;M = 0 for all p-Sylow subgroup P of 0.
Now, since P is cyclic, we have H2P;M = MP/NM, where MP =
u ∈ Mx g ⇀ u = u, g = P , and Nx M → M is the norm map Nu =Q
g∈P g ⇀ u. The proof of the lemma will be complete if we show that MP
is a divisible abelian group. But an element u =Px∈F uxδx belongs to MP
iff u is a sum u = PO uOδO , where O runs over the orbits of the P-action
F on M, uO ∈ k×, and δO is defined by δOx = 1 if x ∈ O, and δOx = 0,
otherwise. This implies MP is divisible since k is algebraically closed.
The next proposition is a consequence of the above.
Proposition 1.2.6. Let the extension (1.2.1) afford the trivial action
Fx 0 × F → F . Assume also that for all prime number p, the p-Sylow sub-
groups of 0 are cyclic. Then, A is isomorphic as a Hopf algebra to a twisted
smash product Hopf algebra A÷k0#⇀;σkF , where ⇀x F × k0 → k0 is an
action by Hopf algebra automorphisms, and σx F × F → b0 is a normalized
2-cocycle with respect to the restricted action by group automorphisms of F
on b0. Moreover, for fixed ⇀, the Hopf algebras k0#⇀;σkF and k0#⇀;σ ′kF
are isomorphic if σ ′ = σ in H2F;b0.
Proof. Since F is trivial, so is the afforded weak coaction ρx kF → kF ⊗
k0. Let τx 0× 0→ kF× be the 2-cocycle corresponding to the afforded
dual cocycle. By the assumption on 0 and using (1.2.5), we find that 0 =
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τ ∈ H20; kF×. Hence we may write τ = δf = τftriv, for some f x 0→
kF×, such that f 1 = 1.
We claim that we may also assume that f = , i.e., that f ∈ Reg1; 
k0;kF. To see this, we must show that we can choose f such that
f s1 = 1, ∀s ∈ 0. In fact, δf = τ = δλf , where λx 0→ kF×, is the
map defined by
λsx x=
(
f s1−1; x = 1y
1; x 6= 1;
for s ∈ 0, x ∈ F . The identity τ = δλf  follows easily using that τ =
τ⊗ . It is also clear that λf  =  and λf 1 = 1.
Dualizing (1.1.6), we find that A÷k0τ#⇀;σkF ÷k0#⇀; f σkF . Here we
use the fact, which follows from (1.1.4) and (1.1.2), that since k0 is com-
mutative and kF is cocommutative, then ρftriv = ρtriv and f ⇀ = ⇀.
Since G is trivial, then ⇀ is an action by Hopf algebra automorphisms.
Also, it follows from the compatibility conditions in [AD, Theorem 20] that
φσF × F ⊆ Gk0 =b0 is a 2-cocycle.
It remains to be seen that if σ ′ = σ in H2F;b0, then k0#⇀;σkF ÷
k0#⇀;σ ′kF . For this, observe that by (1.1.5), for any normalized function
f x F →b0,
τ
f−1
triv x = 1f xf−1 ⊗ idx⊗ 11⊗ f−1x
= 1f xf−1x ⊗ f−1x;
∀x ∈ F . Since f F ⊆b0, then τftriv = τtriv. Thus, (1.1.6) implies the lemma.
1.3. Extensions of the Type 1→ k/po/r → A→ k/q→ 0
In this section, p, q and r will be prime numbers. We assume that r < p.
Our aim here is to use the results in Section 1 in order to classify, up to
isomorphisms, the Hopf algebras A which fit into an extension
1→ k0→ A→ k/q→ 0; (1.3.1)
where 0 is a group of order pr, and the notation 0 (instead of 1) on the right
means that the afforded weak coaction is trivial. In particular, by (1.2.6),
the afforded weak action ⇀x k/q⊗ k0→ k0 is an action by Hopf algebra
automorphisms, and as Hopf algebras,
A÷k0#⇀;σk/q; (1.3.2)
for some σ ∈ H2/q;b0.
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Remark 1.3.3. (1) Observe that if the extension (1.2.1) affords the triv-
ial coaction (respectively, the trivial action), then A∗ (respectively, A) is iso-
morphic as an algebra to a twisted group ring kFt0 (respectively, k0tF),
(cf. [Ma3, (2.4)]). Recall, in addition, that twisted group rings over cyclic
groups are commutative.
(2) If the group 0 in (1.3.1) is abelian, then A is cocommutative.
Indeed, in this case, 0 is cyclic. As the coaction afforded by (1.3.1) is trivial,
as algebras, A∗÷k/qt0, a twisted group ring over a cyclic group, and
hence commutative. In particular, if A is non-trivial, then p = 1mod r,
and the group 0 is the only non-abelian group of order pr.
(3) If the action afforded by (1.3.1) is trivial, then A÷k0t/q as
an algebra, and hence commutative.
Suppose r divides p − 1, and let 0 = /pi /r be the unique (up to
isomorphisms) non-abelian group of order pr. Then there is a group iso-
morphism
Aut0÷/pi/p×; (1.3.4)
where the semidirect product in the right hand side corresponds to the
natural action by left multiplication of /p× on /p. Indeed, let 0 =
b; ax bp = ar = 1y aba−1 = bt be a presentation of 0 by generators and
relations, where t is a primitive rth root of 1 modulo p. Then the isomor-
phism (1.3.4) can be explicitly determined by
φj; sblai = bsl+jt
i−1ai;
for 0 ≤ j ≤ p − 1, 1 ≤ s ≤ p − 1. In particular, Aut0 has a unique
(normal) subgroup of order p: it is generated by φ = φ1; 1, where
φb = b and φa = bt−1a: (1.3.5)
On the other hand, if q is a prime divisor of p− 1, the elements of order
q of /pi/p× are of the form j; s, where s is an element of order q
in /p×, and 0 ≤ j ≤ p− 1. In particular,
u; 1j; su; 1−1 = 0; s;
for all 0 ≤ j ≤ p − 1, where u = −j1 − s−1. So if ψ ∈ Aut0 is of
order q, then ψ = fφ0; sf−1, for some f ∈ Aut0. Call ψs x= φ0; s. Then
ψs ∈ ψm, where m is a primitive qth root of 1 modulo p. In conclusion,
every element ψ of order q in Aut0 is of the form ψ = f ψmdf−1, for
some f ∈ Aut0, 1 ≤ d ≤ q− 1, and
ψmb = bm and ψma = a: (1.3.6)
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Lemma 1.3.7. Let A fit into an extension (1.3.1). If p 6= q and p 6=
1mod q, then A is trivial.
Proof. If 0 is abelian, by Remark (1.3.3)(2), A is cocommutative. Hence
we may assume that p = 1mod r and 0 is the non-abelian group of or-
der pr. By (1.3.4), the order of Aut0 is pp− 1. Thus, if p 6= q and p 6=
1mod q, the associated action by group automorphisms Gx 0× /q→ 0
is necessarily trivial. By (1.3.3)(3), A is commutative.
Recall the isomorphism /q÷H2/q;/q, given by l 7→ σl, 0 ≤ l ≤
q− 1, where σlx /q× /q→ /q is the 2-cocycle given by
σlgi; gj = gqij ; (1.3.8)
for 0 ≤ i; j ≤ q− 1, where qij is the quotient of i+ j in the division by q.
Lemma 1.3.9. Suppose r and q divide p− 1. Let 0 = /pi /r. Assume
the Hopf algebra A in (1.3.1) is non-trivial; then
(i) If q 6= r, A is isomorphic as a Hopf algebra to the smash product
Hopf algebra Apr; q x= k0#k/q associated to the action by group auto-
morphisms Gx 0× /q→ 0, given by
b G g = bm and a G g = a; (1.3.10)
where g is a generator of /q, and m is a fixed primitive qth root of 1 mod-
ulo p.
(ii) If q = r, A isomorphic to either of the twisted smash product Hopf
algebras
Al = k0#σlk/q;
corresponding to the action by group automorphisms in (1.3.10), and where
for 0 ≤ l ≤ q− 1, σlx /q× /q→ /q÷b0 is the 2-cocycle given by (1.3.8).
Moreover, the Hopf algebras Al, 0 ≤ l ≤ q− 1, are pairwise non-isomorphic
and self-dual.
The Hopf algebra in (i) was presented in [AN, (2.3.1)]. It is shown there
that it is not self-dual. Those in (ii) are the examples in [G]; see [AN, (2.4)]
for an alternative construction.
Proof. Let A be as in (1.3.1). If A is non-trivial, by (1.2.6), A is iso-
morphic as a Hopf algebra to a twisted smash product Hopf algebra as in
(1.3.2). Denote by G′x 0× /q→ 0 the action afforded by (1.3.1). In view
of (1.3.6), if g is a generator of /q, and s ∈ 0, we have
s G′ g−1 = f ψmdf−1s = f
(
f−1s G gd;
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for some f ∈ Aut0, 1 ≤ d ≤ q− 1. Thus, applying (1.1.9), we find that the
action afforded by (1.3.1) is up to isomorphisms, the action G in (1.3.10).
By the remark before the proof of the lemma, this implies (i) in view of
[AN, (2.3.2)]. Also, (ii) follows from [AN, (2.4.1)].
Lemma 1.3.11. Suppose p = q, and r divides q− 1. Let 0 = /qi /r.
Assume the Hopf algebra A in (1.3.1) is non-trivial. Then A is isomorphic as
a Hopf algebra to the smash product Hopf algebra B∗0 x= k0#k/q associated
to the action by group automorphisms Gx 0× /q→ 0, given by
b G g = b and a G g = ba; (1.3.12)
where g is a generator of /q.
The Hopf algebra B∗0 appears in previous work of Masuoka [Ma2], in
the case r = 2 and q not necessarily prime. It is not self dual: indeed,
GB0÷/q ⊕ /q is of order q2 and GB∗0÷/rq is of order rq. An
alternative construction of B∗0 was found by Sommerha¨user [S2].
Proof. Let A be as in (1.3.1). If A is non-trivial, again by (1.2.6), A is
isomorphic as a Hopf algebra to a twisted smash product Hopf algebra as
in (1.3.2). If G′x 0× /q→ 0 is the action afforded by (1.3.1), by (1.3.5),
we have
s G′ g = φd1−ts = s G gd;
for some 1 ≤ d ≤ q − 1, 0 ≤ 1− t ≤ q − 1, such that 1− t1 − t =
1mod q, where g is a generator of /q, and s ∈ 0. Applying (1.1.9), we
find that the action afforded by (1.3.1) is up to isomorphisms, the action G
in (1.3.12). Also, since b0 is of order r 6= q, we have H2F;b0 = 0.
1.4. Extensions of the Type 1→ k/q⊕/q → A→ k/p→ 0
In this section, p and q will be distinct prime numbers. We determine
the isomorphism classes of Hopf algebras A fitting into an extension
1→ k0→ A→ kF → 0; (1.4.1)
where 0÷/q⊕ /q and F is the cyclic group of order p. We remark that
in this situation, if the group Opextk0; kF is trivial, then the Hopf algebra
A is trivial, since both k0 and kF are commutative and cocommutative,
and the afforded coaction is trivial. To avoid intersections with (1.3), we
will assume that A contains no non-trivial central group-like element. In
particular, by [Ma2, Theorem 1.9], necessarily p > 2. See (1.4.12).
There is an isomorphism of Hopf algebrasA÷k0τ#⇀;σkF , where τx 0×
0 → kF× is a factor set, ⇀x kF ⊗ k0 → k0 is an action by Hopf alge-
bra automorphism, and σx F × F → k0× is a 2-cocycle (necessarily a
semisimple hopf algebras 253
coboundary; cf. (1.2.5)) with respect to this action. Moreover, if A is not
commutative, then the action ⇀ must be non-trivial.
By [BR, Chap. V, Section 6], for all divisible abelian groups M with trivial
0-action, there is an isomorphism
H20;M θ→Hom320;M; (1.4.2)
where 320 = 0⊗ 0/s ⊗ sx s ∈ 0; the isomorphism θ maps the class of a
factor set τ to the map induced by θτs⊗ t = τt; s − τs; t, s; t ∈ 0.
In our situation, 320÷/q.
Lemma 1.4.3. Assume A is non-trivial and fits into (1.4.1). Then q =
1modp.
Proof. By assumption GA∗ ∩ZA∗ has an element of order p. Then,
since A is of Frobenius type [MoW], as algebras
A÷kd ×Mpkn ×Mqkm ×Mq2kl;
where n, m, l are non-negative integers, and d = GA∗ = p or pq. In
view of (2.2.2) below, p divides m and l. Hence m = l = 0. Thus, pq2 =
d+ np2, implying that p/q2 − 1 or p/qq− 1. In particular, p < q. Hence,
0 is the unique (normal) Sylow subgroup of order q2 of the group F FG 0,
and also F is a Sylow subgroup of order p. Consider the Kac exact sequence
[Ma3, 7.4]
0→ H1F FG 0;k× res
1
−→H1F;k× ⊕H10; k× → Autk0 ? kF
→ H2F FG 0;k× res
2
−→H2F;k× ⊕H20;k× → Opextk0; kF
→ H3F FG 0;k× res
3
−→H3F;k× ⊕H30; k×:
By [CE, Chap. XII, Theorem 10.1], both the restriction maps H2F FG
0; k× res2−→ H2F;k× ⊕H20;k× and H3F FG 0;k× res3−→ H3F;k× ⊕
H30;k× are injective. Also, since we are assuming that k is algebraically
closed, and since F is cyclic, H2F;k× = 0. Hence Opextk0; kF is iso-
morphic to the cokernel of the restriction map res2x H2F FG 0;k× res2−→
H20;k× which in turn is isomorphic to the kernel of the transfer map
T x H20;k× → H2F FG 0;k×.
Now, since 0 is a normal Sylow subgroup, the quotient group F FG
0/0÷F acts on H20;k×÷/q by group automorphisms, and the ker-
nel of T equals the kernel of the associated norm map Nx H20;k× →
H20;k×. See [CE, Chap. XII, Section 10].
If q 6= 1modp, then the action of F on H20;k× is trivial, and thus
the norm map is injective, since p and q are relatively prime. Hence in this
case, the group Opextk0; kF is trivial, implying that A is trivial.
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Assume from now on that q = 1modp. Then /q contains all the roots
of the equation Xp − 1. Hence, there exist a primitive pth root of unity of
1 modulo q, m, and an integer 0 < λ ≤ p− 1, such that the action afforded
by (1.4.1) corresponds to the action by group automorphisms Gx 0×F → 0,
given by
a G g−1 = am and b G g−1 = bmλ; (1.4.4)
where 0 = a × b, and F = g.
The following lemma is a further application of the Kac exact sequence.
Lemma 1.4.5. Suppose the extension (1.4.1) affords the action (1.4.4). If
A is non-trivial, then λ 6= −1modp.
Proof. As in (1.4.3), the Kac exact sequence gives an isomor-
phism Opextk0; kF÷L, where L is the kernel of the norm map
Nx H20;k× → H20;k× associated to the induced action of F on
H20;k×. Now, using (1.4.2), if f  ∈ H20;k×, then f can be chosen so
that f aibj; ahbl = ξjh, for all 0 ≤ i; j; h; l ≤ q− 1, where ξ ∈ k× is a qth
root of unity.
Suppose that λ = −1modp. Then g:f  is represented by the factor set
g · f aibj; ahbl = f amibmλj; amhbmλl = ξmλjmh = ξjh = f aibj; ahbl;
for all 0 ≤ i; j; h; l ≤ q − 1. Thus the action is trivial, implying that the
norm map is injective, and in turn that the group Opext is trivial. This
proves the lemma.
By (1.4.2), we find that the cohomology class of the dual cocycle afforded
by (1.4.1) can be represented by a factor set τx 0× 0→ kF× of the form
τaibj; ahbl = ujh; (1.4.6)
for all 0 ≤ i; j; h; l ≤ q− 1, and where u ∈ kF× is such that uq = 1.
Proposition 1.4.7. Let τ be as in (1.4.6), and ⇀ x kF × k0→ k0 be an
action by Hopf algebra automorphisms corresponding to (1.4.4). Then the data
k0; kF;⇀;ρtriv; σtriv; τ is compatible iff u is of the form u =
Pp−1
t=0 ζtδgt ,
where ζ = ζ1 is a primitive qth root of 1, and
ζt = ζctm
λ+1;
∀t = 0; : : : ; p− 1, where ctn x= 1+ n+ · · · + nt−1, for n ∈ .
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Proof. It is straighforward to verify that k0τ#⇀kF is a Hopf algebra if u
is of the prescribed form. For this, use the relation ct+ln = ctn + clnnt ,
for all t; l ∈ , n ∈ .
On the other hand, suppose that the data k0; kF;⇀;ρtriv; σtriv; τ are
compatible. For 0 ≤ n ≤ p− 1, we have
11#gn = X
s; t; r; l
ζrtn δasbr#g
n ⊗ δatbl#gn;
11#gn = X
s; t; r; l
ζcnm
λ+1rtδasbr#g
n ⊗ δatbl#gny
thus, comparing coefficients, the proposition follows.
Lemma 1.4.8. Let τx 0 × 0 → kF× be a 2-cocycle. Let also ⇀;
⇀′x kF × k0 → k0 be actions by Hopf algebra automorphisms, corre-
sponding, respectively to G; G′x 0 × F → 0. Assume that there exist group
automorphisms αx 0→ 0 and βx F → F , such that
s G′ x = α−1(αs G βx;
for all x ∈ F , s ∈ 0. Then, if the data k0; kF;⇀;ρtriv; σtriv; τ are compatible,
k0; kF;⇀′; ρtriv; σtriv; τ′ also are, where τ′ = tβ ◦ τ ◦ α ⊗ αx 0 × 0 →
kF×.
Moreover, the Hopf algebras k0τ#⇀kF and k0τ
′
#⇀′kF are isomorphic.
Proof. The proof is straighforward. A Hopf algebra isomorphism
θx k0τ#⇀kF → k0τ′#⇀′kF , is given by θδs#x = δα−1s#β−1x, for
s ∈ 0, x ∈ F .
We will denote the Hopf algebras arising from (1.4.7) by Bλm;ζ.
Its multiplication, comultiplication, and antipode are determined, respec-
tively, by
δaibj#gnδahbl#gt = δhmn; iδlmnλ; jδaibj#gn+t ;
1δaibj#gn =
X
s+t=i; r+l=j
ζcnm
λ+1rtδasbr#g
n ⊗ δatbl#gn;
S δaibj#gn = ζijcnm
λ+1δa−mnib−mnλj#g
−n: (1.4.9)
These examples generalize the construction in [Ma2]. Indeed, the construc-
tion also goes when λ = 0: in this case we recover the examples in (1.3.11).
Observe that if λ > 0, then GBλ÷/q⊕ /q, and GB∗λ÷/p; while,
for λ = 0, GB∗0÷/pq. See (1.3).
Next we show that these are the only non-trivial examples arising from
(1.4.1).
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Lemma 1.4.10. Let A be as in (1.4.1), affording the action (1.4.4). Sup-
pose A is non-trivial. Then there exists a primitive qth root of 1, ζ ∈ k×, such
that A÷Bλm;ζ.
Proof. As in the proof of [Ma, Lemma 2.11], in (1.4.1) we may choose
an invertible section φx kF → A, φg = g˜, such that
i g˜u = g ⇀ ug˜;
∀u ∈ k0, and
1Ag˜ =
X
i; j; r; s
ζjrδaibj g˜⊗ δarbs g˜;
where ζ ∈ k is a qth root of unity. Moreover, ζ 6= 1, since otherwise g˜
would be a non-trivial group-like element of A which does not belong to
k0, implying that A is cocommutative. We also have
ii 1Ag˜n =
X
i; j; r; s
ζjrcnm
λ+1δaibj g˜
n ⊗ δarbs g˜n;
for all n ∈ . In particular, by (1.4.5), λ 6= −1modp, then mλ+1 is a
primitive pth root of 1 modulo q, and hence cpmλ+1 = 0 mod q. Thus,
g˜p is a group-like element of A, which satisfies g ⇀ g˜p = g˜g˜pg˜−1 = g˜p.
Now, since λ 6= 0, the set group-like elements of k0 invariant under the
action of F is trivial. Hence
iii g˜p = 1:
Call B = Bλm;ζ. Then, as an algebra, B is the k0-ring generated by x x=
1#g with relations xp = 1, xu = g ⇀ ux, ∀u ∈ k0 cf. [Ma, Section 2].
Hence, by (i) and (iii), there is a unique map of k0-rings f x B→ A, such
that x 7→ g˜. Moreover, by (ii), f is a Hopf algebra map. Also, it is clear
that the following diagram is commutative
k0 B kF
k0 A kF;
id f id
so that f is an isomorphism.
It remains now to determine the isomorphism classes among the Hopf
algebras Bλm;ζ.
Lemma 1.4.11. Let ζ; ζ ′ be primitive qth roots of unity in k. Then the
Hopf algebras Bλm;ζ and Bλm;ζ ′ are isomorphic.
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Proof. We may write ζ ′ = ζn, for some 1 ≤ n ≤ q − 1. It is a straight-
forward computation to show that the map Bλm;ζ → Bλm;ζ ′,
δaibj#gl 7→ δaibtj#gl, is a Hopf algebra isomorphism, where nt = 1mod q.
Proposition 1.4.12. Let A be a non-trivial Hopf algebra fitting into an
extension (1.4.1). Suppose A has no non-trivial central group-like element.
Then p > 2, and there are p−12 isomorphism classes. These are represented by
Bλj = Bλj m;ζ, 1 ≤ j ≤ p−12 , for fixed ζ and m, where 0 < λj < p− 1 and
λiλj 6= 1modp if i 6= j.
Proof. By (1.4.7), if A is a non-trivial Hopf algebra fitting into an ex-
tension (1.4.1), then A is isomorphic to Bλm;ζ, for some 0 < λ < p− 1,
ζ ∈ k a primitive qth root of 1, and m a primitive pth root of 1 modulo q.
In particular, p > 2.
Also, Bλm;ζ÷Bλm′; ζ ′, for all m′, ζ ′, 0 < λ < p − 1. Indeed, if
m′ = mn, 1 ≤ n ≤ p− 1, we may apply (1.4.8) to the group automorphisms
βx F → F , βg = gn, and α = idx 0→ 0, and then the claimed isomor-
phism follows from (1.4.11) and (1.4.10). Hence, it will be enough to find
the isomorphism classes among Bλ = Bλm;ζ, for fixed m and ζ, where
0 < λ < p− 1.
Since the Hopf algebras Bλ have a unique Hopf subalgebra of dimension
q2, k0, and a unique Hopf algebra quotient of dimension p, kF , a Hopf
algebra isomorphism Bx Bλ→ Bλ′ induces group automorphisms αx 0→ 0
and βx F → F , such that the following diagram commutes:
k0 Bλ kF
k0 Bλ′ kF:
α B β
This implies, in view of (1.4.8), that the Hopf algebras Bλ and Bλ′ , λ 6= λ′,
are isomorphic iff the matrices
 
md 0
0 mdλ
!
and
 
m 0
0 mλ
′
!
;
are conjugated in the group GL2;q, for some 1 ≤ d ≤ p− 1. This is in
turn equivalent to λλ′ = 1modp. Hence the proposition follows.
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2. BACKGROUND ON SEMISIMPLE HOPF ALGEBRAS
2.1. The Class Equation
In this subsection, H will denote, unless explicitly stated, a semisimple
(hence finite dimensional) Hopf algebra over k. Recall from [Z] the class
equation for Hopf algebras.
For a left coideal subalgebra K of a finite dimensional Hopf algebra H,
the number H x K x= dimHdimK will be called the index of K in H. It is an
integer thanks to [NZ].
Observe that as a consequence of [NZ], if E ∈ K is an idempotent,
such that KE affords the representation V of K, then HE affords the in-
duced representation, IndHK V , of H. Indeed, as H is free over K, HE =
HKE÷H ⊗K KE = IndHK V . In particular, dimHE = dim V H x K.
Theorem 2.1.1. Suppose H has a Hopf subalgebra K of index rn, n ≥ 1,
where r is a prime number. Assume in addition that rn < s, for all prime
number s dividing the dimension of H, s 6= r. Then H∗ has a non-trivial
central group-like element. In particular, if r is the less prime number dividing
the dimension of H, and H x K = r, then H∗ has a non-trivial central
group-like element.
Proof. Recall that RH is a semisimple algebra ([Z]) which coincides
with the subalgebra of all cocommutative elements in H∗. Let 3 ∈ H,
e ∈ K, be non-zero left integrals of H and K, respectively, such that
3 = e = 1. Then e ∈ H is an idempotent, and as e is a cocommuta-
tive element, e ∈ RH∗. Since e3 = 3, we may find e0 = 3; e1; : : : ; en, a
complete set of primitive idempotents of RH, such that e = 3+Pj∈J ej ,
for some subset J ⊆ 0; : : : ; n. Note that
∗ He = k3+⊕j∈JHej:
Now, dimHej divides the dimension of H, for all j, and as dimHe = H x
K = rn, it follows from ∗ that dimHej is a power of r ∀j. Thus, for some
j ∈ J, we must have dimHej = 1, implying by [Z] that H has a non-trivial
central group-like element.
2.2. The Character Algebra
Let H be a semisimple Hopf algebra over k. We refer the reader to [NR]
for the main properties of the character algebra RH. For χ;ψ ∈ RH,
mχ;ψ; and degχ will denote, respectively, the multiplicity of χ in ψ and
the degree of χ. In particular, if V and W are H-modules affording the
characters χ and ψ, respectively, we have mχ;ψ = dim HomHV;W ,
and degχ = dim V .
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Lemma 2.2.1 [NR]. Let U;V;W be irreducible H-modules, and let g ∈
GH∗. Then
(i) mχU;χV χW  = mχV ∗; χW χU ∗ = mχV ;χUχW ∗.
(ii) mg;χV χW ∗ = 1 iff gχV = χW , and equals zero otherwise.
(iii) Let C be the simple coalgebra of H∗ associated to V . Then for g ∈
GH∗, mg;χV χV ∗ > 0 iff mg;χV χV ∗ = 1 iff gC = C iff g ∈ CS C.
Observe that GH∗ acts on the set of irreducible H-characters by left
multiplication. It is clear that this action preserves degrees. Let χ;χ′ be
irreducible H-characters. We will denote by Gχ the stabilizer of χ in
GH∗. By (2.2.1)(iii), Gχ consists of all those g ∈ GH∗ such that
mg;χV χV ∗ > 0. Also, Gχ;χ′ will denote the subset of GH∗ consisting
of those elements g for which gχ = χ′. In particular, if χ and χ′ are con-
jugated under GH∗, say χ′ = gχ, then Gχ′ and Gχ, are conjugated
subgroups of GH∗, and Gχ;χ′ is a coset of Gχ, Gχ;χ′ = gGχ.
Parts (i) and (ii) of the following lemma appear in the work of Masuoka
(see [Ma2]).
Lemma 2.2.2. Let χ be an irreducible H-character. Then
(i) The order of Gχ divides degχ2.
(ii) The order of GH∗ divides ndegχ2, where n is the number of
non-isomorphic irreducible characters of H of degree degχ.
(iii) Suppose Gχ is trivial. Let χi1; : : : ; χit be the non-trivial irre-
ducible characters such that mχij ; χχ∗ > 0. Then gcddegχ; degχi1; : : : ;
degχit  = 1. In particular,
gcddegχix 1 < degχi ≤ degχ2 = 1:
(iv) Let λ ∈ RH be a character afforded by a representation of H.
Then the number of characters of degree one in χλ equals
Gχ X
µ∈GH∗·χ∗
mµ;λ:
Proof. (i) and (ii) follow from [NZ].
(iii) Suppose Gχ is trivial. By (2.2.1)(ii), we may write χχ∗ =  +Pt
j=1mχij ; χχ∗χij . Taking degrees, the claim is immediate.
(iv) Observe first that it is enough to prove the claim for λ irre-
ducible. Now, in this case, the formula follows from (2.2.1)(ii), together
with the fact that Gλ;χ∗ = Gχ∗ = Gχ, if λ ∈ GH∗ · χ∗, and
Gλ;χ∗ = 0 otherwise (see the remarks above (2.2.2)).
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The following theorem was inspired by the proof of [EG2, Lemma 2].
It gives a partial answer to the question of whether a semisimple Hopf
algebra of dimension rnsm has proper Hopf subalgebras, where r 6= s are
prime numbers. In the case where r = s, the answer to the question is
always affirmative [Ma5].
Theorem 2.2.3. Let r; s be distinct prime numbers and n;m non-negative
integers. Let H be a semisimple Hopf algebra of dimension rnsm. Assume H
is of Frobenius type. If r > sb, where
b x= maxjx ∃ an irreducible character of H of degree sj};
then H has a non-trivial one-dimensional representation.
Proof. Suppose GH∗ = 1. Then, as H is of Frobenius type, by
(2.2.2)(iii), H has irreducible characters χ and ψ such that degχ = ri and
degψ = sj , for some 1 ≤ i ≤ n, 1 ≤ j ≤ m. Let us choose t to be minimal
with the property that H has an irreducible character of degree st , and let
ψ be an irreducible character of degree st .
Claim. Let ψi and ψ′ 6= ψ be irreducible characters such that degψ′ =
sh, and mψi;ψ′ψ∗ > 0. Then degψi is not divisible by r.
Proof of the claim. We may write ψ′ψ∗ = Pj mψij ; ψ′ψ∗ψij , where
ψi1; : : : ; ψit are the irreducible characters such that mψij ; ψ′ψ∗ > 0.
Since GH∗ = 1 and ψ′ 6= ψ, we have 1 < degψij ≤ sh+t , ∀j. Suppose
r/ degψij , for some j. Taking degrees, we have
sh+t = ur +X
l∈L
mψil ; ψ′ψ∗degψil ;
with u > 0, where L = jx degψij y r = 1. As t was chosen to be
minimum, and degψil is a power of s for all l ∈ L, we have thatP
l∈L mψil ; ψ′ψ∗degψil = sta, for some integer a. Hence, stsh− a = ur,
implying that r/sh − a, and thus that r ≤ sh ≤ sb, which contradicts our
assumption.
Now we proceed to prove the theorem. Write ψψ∗ =  + Pi mψi;
ψψ∗ψi, where ψi are irreducible characters, degψi > 1. Taking degrees,
s2t = 1+Pi mψi;ψψ∗degψi; thus, there exists some i for which degψi
is prime to s and hence a power of r, say ψi = χ.
Write χψ = mψ;χψψ + Pj mχj; χψχj , where ψ 6= χj are irre-
ducible characters; then mψ;χψ > 0. Also, by (2.2.1)(i), st degχ >
degχj > 1. Taking degrees we have
st degχ = mψ;χψst +X
j
mχj; χψdegχj:
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Suppose that there exists an irreducible character ψ′ such that mψ′; χψ >
0, degψ′ is a power of s, and ψ′ 6= ψ. By the above claim, ψψ′∗ =P
l mψl;ψψ′∗ψl, with degψly r = 1, ∀l. Then m; χψψ′∗ =P
l mψl;ψψ′∗m; χψl = 0, by (2.2.1)(ii). But, as mψ′; χψ > 0,
m; χψψ′∗ ≥ m;ψ′ψ′∗ = 1, which is absurd.
Thus, r/mψ;χψ = mχ;ψψ∗. This is a contradiction since r degχ ≥
r2 > s2b ≥ s2t = degψψ∗. Now the proof of the Theorem is complete.
Remark 2.2.4. Suppose H is any semisimple Hopf algebra of dimension
rnsm. It follows from (2.2.3) and [EG] that if r > sm, then GDH∗ is
non-trivial (see Section 3).
To end this subsection, following [CR, Proposition (11.21)], we make
some remarks that will be used later. Suppose K ⊆ H is a Hopf subalge-
bra. Let V be a representation of K, afforded by the idempotent e ∈ K.
Denote by ζ = ζW ∈ RH, the character afforded by the induced repre-
sentation W = IndHK V . If χ = χU is an irreducible H-character afforded
by U , then χ; e = dim eU , but also eU ÷HomHHe;U = HomHW;U,
which gives
mχ; ζ = χ; e: (2.2.5)
2.3. The Drinfeld Double
In this subsection H will denote a finite dimensional Hopf algebra over
k. The main theorem in [EG] states that if H is semisimple and V is an
irreducible module over DH, then the dimension of V divides the dimen-
sion of H. Other proofs of this fact appear in [TZ, Sch]. We do not require
H to be semisimple in what follows.
Identify DH = H∗ ⊗H and DH∗ = H ⊗H∗ as vector spaces. For
h ∈ H, α ∈ H∗, the elements α ⊗ h ∈ DH and h ⊗ α ∈ DH∗ will
be denoted, respectively, by α × h and h × α. Recall that the maps H →
DH, h 7→  × h, and H∗cop → DH, α 7→ α × 1, are Hopf algebra
inclusions. We will identify H and H∗cop with their images in DH. We
have in particular DH = H∗copH. Notice that under these identifications,
the evaluation map  ; x DH ×DH∗ → k, corresponds to
α× h; h′ × α′ = α; h′α′; h:
The following theorem will be crucial.
Theorem 2.3.1 [R]. (i) The map GH∗ ×GH → GDH, given
by η; g 7→ η× g, is a group isomorphism.
(ii) Every group-like element of DH∗ is of the form g × η, where
η ∈ GH∗ and g ∈ GH. Also, g × η ∈ GDH∗ iff η × g is in the
center of DH.
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Observe that if u = g × η ∈ GDH∗, then g ∈ GH coincides with
uH∗ , and η ∈ GH∗ coincides with uH .
Corollary 2.3.2. There is an extension of Hopf algebras
0→ kGDH∗ ι→DH pi→K→ 1;
where the map ι is defined by ιg× η = η× g. We also have:
(i) The restriction piGHx GH → GK (respectively, piGH∗x
GH∗ → GK) is injective unless H (respectively, H∗) has a non-trivial
central group-like element.
(ii) Let g; g′ ∈ GH and η; η′ ∈ GH∗. Identify GK∗ ⊆
GDH∗, by means of the injective Hopf algebra map tpix K∗ → DH∗.
Then, if g× η ∈ GK∗ and g′ × η′ ∈ GDH∗,
η′; gη; g′ = 1:
In particular g;η2 = 1.
Proof. The first claim follows from (2.3.1). To show (i), notice that an
element η× g ∈ GDH is central in DH if and only if piη× g = 1.
So that if piGHx GH → GK is not injective, say pi × g = 1, for
1 6= g ∈ GH, then × g is central in DH and a fortiori g is central in
H. The same argument works for piGH∗x GH∗ → GK.
Part ii) follows from (1.1.7).
We give now an alternative proof of [EG2, GW].
Corollary 2.3.3. Let r > s be prime numbers. If H is a semisimple Hopf
algebra of dimension rs over k, then H is commutative or cocommutative.
Proof. By [Ma4], we may assume that r and s are odd. Now, by (2.3.1),
the irreducible representations of DH have either dimension 1, r; or s.
Thus, by (2.2.3), the group GDH∗ is non-trivial. The same argument
shows that the group GK∗ is non-trivial, where K is as in (2.3.1). Then
GK∗ contains an element of order r or s.
We claim that either H or H∗ has a non-trivial central group-like ele-
ment, then the result will follow from (1.3.3). In fact, if this were not the
case, by (2.3.2)(i), we may assume that GK∗ contains an element of the
form g × η, where g ∈ GH, η ∈ GH∗ are of the same order r or s.
But then, by (2.3.2), η; g = 1. This contradicts (1.1.8)(i), since η = g
is relatively prime to H x kg. This proves the claim.
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2.4. Biproducts
Let H be a semisimple Hopf algebra. Let also L
i→H l→L be a sequence
of Hopf algebra maps, where i is is injective, l is surjective, and lix L→ L
is an isomorphism. In this case, H is isomorphic to the biproduct Hopf
algebra R × L, where R = Hco l = h ∈ Hx id⊗l1h = h ⊗ 1 is the
coideal subalgebra of l-coinvariants. In particular, id⊗xH = R×L→ R is
a coalgebra quotient. See [R1] for the main properties of this construction.
Now suppose there exist 1 6= g ∈ GH,  6= η ∈ GH∗, such that
g2 = 1, η2 = , and η; g = −1. Call F = 1; g÷/2, and identify
F ÷1; η. Then we are in the previous situation with L = kF , and where
the maps i and l are, respectively, the inclusion kF → H and the trans-
pose of the inclusion kF ÷k1; η → H∗. So H÷R × kF is a biproduct
Hopf algebra, where R is as above. As R ⊆ H is a coideal subalgebra, it
is in particular a left H-comodule with the regular coaction. Hence, as H
is cosemisimple, R decomposes as a direct sum of irreducible left coideals
of H.
Lemma 2.4.1. Suppose that GH = F . Assume that R contains an irre-
ducible 2-dimensional left coideal V of H such that gχV = χV = χV g; for all
g ∈ GH: Then V is a subcoalgebra of R:
Proof. Let C ⊆ H be the simple subcoalgebra of H containing V . Then
since χV g = χV ; we find that Vg (which is also an irreducible left coideal
of H) is contained in C so that the multiplication map V ⊗ kF → C is
an isomorphism. Thus, V = id⊗V ⊗ kF is a subcoalgebra of R as
claimed.
3. SEMISIMPLE HOPF ALGEBRAS OF DIMENSION pq2
In this section p and q will be distinct prime numbers and A will de-
note a semisimple Hopf algebra over k of dimension pq2. Throughout, G
will denote the group of one-dimensional representations of DA, G =
GDA∗. It follows from (2.3.1) that there is an algebra isomorphism
DA ' kn ×Mpka ×Mqkb ×Mpqkc ×Mq2kd; 3:1
where n = G and a; b; c; d are non-negative integers. In particular, we
have an equation
p2q4 = n+ ap2 + bq2 + cp2q2 + dq4:
Also, as in (2.3.2), there is an extension of Hopf algebras
0→ kG ι→DA pi→K→ 1; 3:2
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where K is a semisimple quasitriangular Hopf algebra of dimension
dimK = DA x G, and the dimensions of the irreducible K-modules are
either 1, p, q, pq; or q2.
Remark 3.3. (1) Let F be a finite group of order pq2. Then F has a
normal Sylow subgroup, S, of order p or q2. In particular, the quotient
group F/S is abelian. This implies that kF = kF∗, being commutative,
has a non-trivial central group like-element.
(2) The non-trivial (self-dual) semisimple Hopf algebras of dimension
pq2, p = 1mod q, in [G] have central group-like elements of order q.
In view of [F] these exhaust the non-trivial cases in dimension 12; so in
particular, if A is a semisimple Hopf algebra of dimension 12, either A or
A∗ has a non-trivial central group-like element.
(3) If A is any of the non-trivial semisimple Hopf algebras of dimen-
sion 2q2 in [Ma2], then A∗ has a central group-like element of order 2.
By [Ma2] A and A∗ are the only non-trivial cases in dimension 18, so if A
is a semisimple Hopf algebra of dimension 18, then either A or A∗ has a
non-trivial central group-like element.
(4) It follows from [MoW] and the classification of Hopf algebras
of dimension p, pq; and q2 that if A is a semisimple Hopf algebra of
dimension pq2 over k such that A is not simple as a Hopf algebra, then A
and A∗ are both of Frobenius type.
Lemma 3.4. Suppose the group G is non-trivial. Then either GA or
GA∗ is non-trivial. In addition, if neither A nor A∗ has a non-trivial central
group-like element, then both GA and GA∗ are non-trivial and abelian.
Proof. The first claim is clear from (2.3.1). Suppose neither A nor A∗
has a non-trivial central group-like element, in particular, A is non-trivial.
Let 1 6= g × η ∈ G. Then g 6= 1, since otherwise η ∈ GA∗ would be
a non-trivial central group-like element, and similarly η 6= 1. By (2.3.1),
η × g belongs to the center of GDA = GA∗ × GA. So that the
groups GA∗ and GA both have non-trivial centers. Since the center of
a group cannot have a prime index, it follows that both GA∗ and GA
are non-trivial and abelian.
Lemma 3.5. Let K be as in (3.2). Suppose p < q or q2 < p. Then GK∗
is non-trivial.
Proof. The proof follows from (2.2.3), since the dimensions of the irre-
ducible K-modules are either 1, p, q, pq or q2.
Lemma 3.6. If neither A nor A∗ has a non-trivial central group-like ele-
ment, then GA and GA∗ divide DA x G.
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Proof. Let K be as in (3.2). By (2.3.2)(i), both the restrictions
piGAx GA → GK and piGA∗x GA∗ → GK are injective.
Then the claim follows from [NZ], since dimK = DA x G.
Corollary 3.7. If the order of G is divisible by p2 or by q3, then either
A or A∗ has a non-trivial central group-like element.
Proof. Suppose that p2 divides the order of G. Then both GA and
GA∗ have subgroups of order p. But the index of G in DA divides
q4. Hence (3.6) implies the claim. The case when G is divisible by q3 is
similarly handled.
Lemma 3.8. Suppose there is an extension of Hopf algebras
1→ H i→A p→H → 1;
where both H and H are commutative and cocommutative. Then either A or
A∗ has a non-trivial central group-like element.
Proof. We may write H = k0 and H = kF for some abelian groups 0
and F . Also, we may suppose by a dualizing argument that either 0 = p
and F  = q2, or else 0 = pq and F  = q.
Consider first the case 0 = p, F  = q2. In this case, F FG 0 must have
a (unique) normal Sylow subgroup of order p or q2. Hence, either G or
F must be trivial, and the claim follows. It remains to consider the case
0 = pq, F  = q.
Claim. Suppose 0 = pq, F  = q. Then A is trivial.
Proof of the claim. Assume neither G nor F is trivial, otherwise we are
done. In particular, p < q; otherwise 0 ⊆ F FG 0 would be a subgroup of
index q, where q is the less prime number dividing the order of F FG 0, and
hence normal. So F FG 0 contains a unique (normal) Sylow subgroup S of
order q2.
Write 0 = a; bx ap = bq = aba−1b−1 = 1. We have F ⊆ S and b ∈ S. In
particular, as S is abelian, F commutes with b. Thus, for all x ∈ F , and
for all j = 0; : : : ; q− 1,
bj F x; bj G x = 1; bjx; 1 = x; 11; bj = x; bj;
i.e., bj F x = x, and bj G x = bj .
By (1.1.7) we obtain an exact sequence of groups
1→ bF tp→GA∗ t i→0;
where bF ÷F denotes the group of one-dimensional representations of F ,
such that the image of t i is contained in 0F = s ∈ 0x s G x = s; ∀x ∈ F.
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Now, by [MoW] A is of Frobenius type. Also, it is clear from the as-
sumption that there are group-like elements of order q, η ∈ GA∗ and
g ∈ GA, such that η; g = 1. Hence, applying (3.10.10) below, we find
that the order of GA∗ is not q. Since the possibility GA∗ = q2 would
imply, by (2.1.1), that A has a non-trivial central group-like element, we
have that GA∗ is of order pq. As F is of order q, a subgroup of or-
der p of GA∗ is mapped isomorphically into 0. Then 0F contains the
unique subgroup of order p of 0, a. This implies that ai G x = ai, ∀x ∈ F ,
0 ≤ i ≤ p− 1.
Now, by [Ma3, (4.10)],
aibj G x = ai G bj F xbj G x = ai G xbj G x = aibj;
for all x ∈ F , 0 ≤ i ≤ p− 1, 0 ≤ j ≤ q− 1. Thus the action G is trivial, and
the proof of the claim is complete.
Lemma 3.9. Suppose q;p > 2, and p < q or q2 < p. If G contains a
subgroup M of order p, then either A or A∗ has a non-trivial central group-
like element.
Proof. By (2.3.1), we may assume that there exist g ∈ GA and η ∈
GA∗ of order p, such that M = g × η. We may also assume that M is
the p-primary component of G, otherwise the result follows from (3.7).
Consider the Hopf algebra extension in (3.2). By (3.5), the group GK∗
is non-trivial. We first claim that GK∗ is prime to p. Suppose on the
contrary that GK∗ has a subgroup of order p, which necessarily coincides
with M. This implies, by (2.3.2)(ii), that η; g2 = 1, but η; g ∈ k is a pth
root of unity, and as p is odd, then η; g = 1. But then, gi; η = η; gi =
1, for all i = 0; : : : ; p. This contradicts (1.1.8)(i), since η = p is relatively
prime to A x kg. Thus our claim follows.
In particular, GK∗ and hence G must contain a subgroup N of order q.
We can again assume N = g′ ×η′, where g′ ∈ GA and η′ ∈ GA∗ have
order q. Then, we have a Hopf algebra quotient A
J ′→kη′, J ′a; x =
x; a, ∀x ∈ kη′. Applying (2.3.2)(ii), we find that η′; g′ = 1. And also
η′; g = 1, since the orders of g and η′ are relatively prime. Hence, by
a dimension argument, Aco J
′ = kg; g′ is a Hopf subalgebra. This implies
that A is an extension 1 → kg; g′ → A → kη′ → 1, and the claim
follows from (3.8), since by (3.5) and (3.4), kg; g′ is commutative.
3.10. Case p < q. Assume that q > p, and A is a Hopf algebra of
dimension pq2 over k. In this subsection, we prove the following.
Theorem 3.10.1. In any of the following cases, either A or A∗ has a non-
trivial central group-like element:
(a) A or A∗ is of Frobenius type.
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(b) p = 2.
(c) p = 3.
(d) p2 < q.
(e) GA 6= q or GA∗ 6= q.
The proof of the Theorem consists of several steps. Part (a) is (3.10.11).
Parts (b), (c), and (d) are proved in (3.10.8), (3.10.12), and (3.10.5), re-
spectively. Part (e) follows from (3.10.2) and (3.10.7). Observe that putting
together part (a) with [MoW], we obtain that if A is not simple, then either
A or A∗ has a non-trivial central group-like element.
Lemma 3.10.2. IfA (respectively, A∗) has a Hopf subalgebra of dimension
q2, then A∗ (respectively, A) has non-trivial central group-like element.
Proof. The proof follows from (2.1.1).
Corollary 3.10.3. If the order of G is divisible by q2, then either A or
A∗ has a non-trivial central group-like element.
Proof. By (3.4), we may assume both GA and GA∗ are non-trivial,
abelian, and their orders are divisible by q. We may also assume, by (3.10.2),
that q is the greatest power of q that divides GA and GA∗. Denote
by GAq, GA∗q, the q-primary components in GA and GA∗, re-
spectively. Then GAq and GA∗q both have order q. Thus, we must
have g × η ∈ G, ∀g ∈ GAq, η ∈ GA∗q. In particular, for all g ∈ GA
of order q, g × 1 ∈ G, implying that g is a non-trivial central group-like
element in A.
Proposition 3.10.4. Assume neither A nor A∗ has a non-trivial central
group-like element. Then the order of G is either p, q; or pq. Moreover, if
p > 2, then G = q.
Proof. By (3.5), (3.4), and (3.10.2), we have 1 < GA; GA∗ ≤ pq.
Using (3.10.3), we find that the order of G divides p2q. By (3.7), the order
of G is not divisible by p2; hence it must be either p, q; or pq. On the
other hand, if p is odd, by (3.9), the order of G is not divisible by p. Thus
in this case necessarily G = q.
Theorem 3.10.5. Suppose p > 2, and p2 < q. Then either A or A∗ has
a non-trivial central group-like element.
Proof. If not, by (3.10.4) the order of G is q. Specializing in (3.10), we
obtain
p2q4 = q+ ap2 + bq2 + cp2q2 + dq4;
implying that a 6= 0; i.e., DA has an irreducible character χ of degree p.
By (2.2.2)(i), Gχ = 1. But this contradicts (2.2.2)(iii), since in this case
gcddegχix 1 < degχi ≤ degχ2 = p > 1.
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Lemma 3.10.6. Suppose G is divisible by q. If A has a group-like element
of order p, then either A or A∗ has a non-trivial central group-like element.
Proof. Let g′ ∈ GA of order p. Assume neither A nor A∗ has a non-
trivial central group-like element. By (2.3.2)(ii), there exist g ∈ GA and
η ∈ GA∗ of order q, such that η; g = 1 (because q is necessarily odd).
But then, as in the proof of (3.9), there is an extension of Hopf algebras
1→ kg; g′ → A→ kη → 1, and the claim follows from (3.8) and (3.4).
Using (3.10.4), we get
Corollary 3.10.7. Suppose p > 2 and either A or A∗ has a group-like
element of order p. Then either A or A∗ has a non-trivial central group-like
element.
We are now in a possition to prove the following theorem:
Theorem 3.10.8. Suppose dimA = 2q2. Then either A or A∗ has a non-
trivial central group-like element.
Proof. Suppose neither A nor A∗ has a non-trivial central group-like
element. Hopf algebras of dimension 18 are classified in [Ma2], and the
claim holds true for these Hopf algebras; so we can assume q > 4. We first
claim that in this case, we may assume that G is not divisible by q. Indeed,
by (3.10.6) and (3.10.4), if this were the case, then G would be equal to q.
Now, in this case the claim follows by the same argument (3.10.5), since
q > 4.
Hence, by (3.10.4), we get that the order of G is 2. Consider the Hopf
algebra extension in (3.2). By (3.5), GK∗ also has order 2. Hence, as
algebras
K÷k× k×M2kn ×Mqkm ×Mq2kl ×M2qks;
for some nonnegative integers n;m; l; s: In particular, n 6= 0; and K has
irreducible characters of degree 2. Also, since q > 4; no irreducible char-
acter of degree greater than 2 can have positive multiplicity in the product
of two irreducible characters of degree less than or equal to 2. This implies
that the linear span of irreducible characters of degree less than or equal
to 2 forms a standard subring of RK: By [NR, Theorem 6], there is a
Hopf algebra quotient K f−→ Q; such that Q has two characters of degree
one and n irreducible characters of degree 2. In particular, the dimension
of Q is 22n+ 1 = 2qj; for some 1 ≤ j ≤ 4:
On the other hand, by Lemma (2.3.2)(i), GK also has a subgroup N of
order 2. Since dimKco f = qj; N must map injectively into GQ: Consider
the sequence of Hopf algebra maps
kN i−→ Q J−→ kGQ∗;
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where kn i−→ Q is the inclusion and Q J−→ kGQ∗ is the projection ob-
tained by transposing the inclusion kGQ∗ → Q∗: By (1.1.8)(i) (since
Q x kn = qj is not divisible by 2), we find that Jix kN → kGQ∗÷kGQ∗
is an isomorphism. In particular, Q is a biproduct [R1]. Then the proper
occurs with Q∗: Call R x= Q∗co ti: We have dimR = qj:
Thus, R decomposes as a direct sum of irreducible left coideals of Q∗:
Since GQ∗ ∩R = 1; R = k1⊕ V1 ⊕ · · · ⊕ Vd; where Vi are 2-dimensional
irreducible left coideals of Q: Moreover, it follows from (2.2.2) that
gVi÷Vi÷Vig; for all g ∈ GQ∗: By (2.4.1), it follows that Vi is a subcoal-
gebra of R; ∀i; and thus R is cocommutative. By [S2], since 2 does not
divide qj = dimR; we find that R is a Hopf subalgebra of Q∗: Now by
[Ma5], R contains a (central) group-like element of order q. We thus find
a contradiction in view of the inclusions GR ⊆ GQ∗ ⊆ GK∗: This
finishes the proof of the theorem.
The proof of the following lemma was pointed out to the author by
N. Andruskiewitsch.
Lemma 3.10.9. Suppose χ ∈ RA is an irreducible character of degree p.
If g ∈ GA is such that gq = 1, then χ; g 6= 0.
Proof. Write χ; g =Pp−1j=0 ξij , where ξij are the eigenvalues of g in the
representation corresponding to χ. In particular, ξij are qth roots of unity
for all j. Choose a primitive qth root of unity ξ ∈ k, so that
χ; g =
q−1X
i=0
niξ
i;
where ni = #jx 0 ≤ j ≤ p − 1; ξij = ξi, for each i = 0; : : : ; q − 1.
Suppose that χ; g = 0. As the cyclotomic polynomial is irreducible for
ξ over , we find that there is a non-zero integer n such that ni = n,
∀i = 0; : : : ; q− 1. Thus,
p =
q−1X
i=0
#jx 0 ≤ j ≤ p− 1; ξij = ξi = nq:
This is an absurdity that concludes the proof of the lemma.
Corollary 3.10.10. Suppose A is of Frobenius type. If GA∗ =
;η; : : : ; ηq−1 is of order q, and g ∈ GA is of order q, then η; g 6= 1.
Proof. As A is of Frobenius type, and GA∗ is of order q, A is iso-
morphic as an algebra to a direct product of full matrix algebras
A÷kq ×Mpkn ×Mqkm;
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for some integers n;m > 0. Let χ be an irreducible A-character of de-
gree degχ = p. Then by (2.2.2), we have that Gχ is trivial, and hence
that there exists an irreducible character ψ of degree degψ = q, such that
mψ;χχ∗ > 0. A counting argument gives that ψχ = χ+ χi1 + · · · + χiq−1 ,
for some irreducible characters χij of degree p. And one can see that
χij ∈ GA∗ · χ, ∀j = 1; : : : ; q− 1.
Then the number d of characters of degree one in ψχχ∗ equals q. By
(2.2.2)(iv),
q = d = Gψ X
µ∈GA∗···ψ∗
mµ;χχ∗:
If Gψ = 1, then
q2 = deg
 X
µ∈GA∗·ψ∗
mµ;χχ∗µ

≤ degχχ∗ = p2;
which is a contradiction, since q > p. Hence Gψ = q, i.e., ηjψ = ψ,
∀j = 0; : : : ; q− 1. In particular
ηjχ+ ηjχi1 + · · · + ηjχiq−1 = ηjψχ = ψχ = χ+ · · · + χiq−1;
implying, since Gχ = 1, that
∗ ψχ = + · · · + ηq−1χ:
Specializing ∗ in gi ∈ GA, 0 ≤ i ≤ q − 1, we find ψ; giχ; gi =
qχ; gi, and by (3.10.9), ψ; gi = q, ∀i, 0 ≤ i ≤ q− 1.
Let now e ∈ kg be the normalized integral: e = 1
q
Pq−1
i=0 g
i, and
let ζ ∈ RA be the character afforded by the induced represen-
tation IndAkg kge. Then deg ζ = A x g = pq, and by (2.2.5),
mψ; ζ = ψ; e = q. This is a contradiction since pq < q2. So the result
follows.
Theorem 3.10.11. Suppose A is of Frobenius type. Then either A or A∗
has a non-trivial central group-like element.
Proof. Suppose not. By (3.10.8), p must be odd. Also, by (3.5), (3.4),
(3.10.2), and (3.10.7), GA = GA∗ = q. Moreover, by (3.5) and
(2.3.2)(ii), writting GA = g, and GA∗ = η, we have η; g = 1.
This contradicts (3.10.10), so the theorem follows.
Theorem 3.10.12. Suppose dimA = 3q2. Then either A or A∗ has a
non-trivial central group-like element.
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Proof. By (3.10.5), it remains to consider the cases q = 5 or 7. Also, by
(3.10.11) it is enough to show that A is of Frobenius type. Write A as a
direct product of full matrix algebras
A÷kq ×Md1kn1 × · · · ×Mdt knt ;
where di > 1, i = 1; : : : ; t, are the (distinct) degrees of the irreducible
characters of A which do not belong to GA∗. In particular, we may write
∗ q3q− 1 =
tX
i=1
nid
2
i :
As the dimension of A is odd, by [NR], di > 2, ∀i. Also, by (2.2.2)(ii), q
divides nid
2
i .
Suppose first q = 7. Specializing in ∗, we obtain 140 = Pti=1 nid2i .
Suppose di > 7 for some i. Observe that di < 14, since 142 = 72:22 >
3:72 = dimA. Hence, diy 7 = 1, and then 7/ni. But then nid2i > 7:72 >
3:72 = dimA. This absurdity shows that 3 ≤ di ≤ 7, for all i. Suppose now
7 > di ≥ 5, for some i. In this case, diy 7 = 1 and 7/ni. This implies that
nid
2
i ≥ 7:25 = 175 > 140, which is again absurd. Finally, if di = 4 for some
i, then 7/ni, and necessarily ni = 7, since 14:16 > dimA. Hence we get
nid
2
i = 7:16 = 112. Thus,
P
dj 6=4 njd
2
j = 140 − nid2i = 140 − 112 = 28, so
that dj < 5 for all j such that dj 6= 4. The only possibility is dj = 3 for all
such j. This is an absurdity, since 9 does not divide 28. The case q = 5 is
similar. This finishes the proof of the theorem.
3.11. Case p > q. Assume p > q. In this section we aim to prove the
following.
Theorem 3.11.1. In any of the following cases, A or A∗ has a non-trivial
central group-like element:
(a) p > q2, and GA or GA∗ divisible by p.
(b) p > q4, and p 6= 1mod q.
(c) p 6= 1mod q, and GA = q2 or GA∗ = q2.
(d) A (respectively A∗) has a Hopf subalgebra of dimension pq.
(e) A is not simple.
Part (b) is proved in (3.11.5). Parts (a), (c), and (d) are contained in
(3.11.2). Part (e) is (3.11.6).
Lemma 3.11.2. (i) If A (respectively, A∗) has a Hopf subalgebra of di-
mension pq, then A∗ (respectively, A) has non-trivial central group-like ele-
ment.
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(ii) If A (respectively, A∗) has a Hopf subalgebra of dimension q2,
and p 6= 1mod q, then A∗ (respectively, A) has non-trivial central group-
like element.
(iii) If A (respectively, A∗) has a Hopf subalgebra of dimension p, and
p > q2, then A∗ (respectively, A) has non-trivial central group-like element.
Proof. (i) and (iii) follow from (2.1.1), and (ii) follows from [Z].
Proposition 3.11.3. Assume p > q2. If neitherA norA∗ has a non-trivial
central group-like element, then the order of G is either q or q2. If G = q2,
then p = 1mod q.
Proof. By (3.5) and (3.4), GA and GA∗ are non-trivial. We claim
first that G is not divisible by p. Indeed, if q > 2, as p is odd, the claim
follows from (3.9). On the other hand, suppose G is divisible by p and
q = 2. Then both A and A∗ have a Hopf subalgebra of dimension p; thus
the claim follows by (3.11.2)(iii). Hence G is a power of q, and by (3.7),
it must be q or q2. The last claim follows from (3.11.2).
Lemma 3.11.4. Suppose p > q4. If the order of GK∗ equals q, then
either A or A∗ has a non-trivial central group-like element.
Proof. As GK∗ = q, K has irreducible modules of dimension q or
q2, cf. (3.1). Denote by R ⊆ RK the linear span of all the irreducible
characters χ such that degχyp = 1. By assumption, no irreducible char-
acter of degree p or pq can have positive multiplicity in the product of two
irreducible characters in R. So R is a standard subring of RK (see [NR]).
Thus, it follows from [NR, Theorem 6] that there is a Hopf algebra quo-
tient K →l L, such that RL coincides with R. In particular, by (3.1),
dimL = q + bq2 + dq4 = q1 + bq + dq3. Hence 1 + bq + dq3 divides
p2q4, so that 1+ bq+ dq3 = p or p2. Then dimL = qpn, n = 1 or 2.
On the other hand, L = lA∗lA, and dim lA∗, dim lA divide pq2.
If either dim lA∗ = pq or else dim lA = pq, then the claim follows from
(3.11.2). So we may assume neither dim lA nor dim lA∗ equals pq. As
neither dim lA∗ nor dim lA is divisible by p2, both dim lA∗; dim lA
divide pq. If they are both less than pq, then they are both less than or
equal to p (since q < p). But then dimL ≤ p2, so that dimL = pq, and
dim lA∗; dim lA > 1. Then some of them, say dim lA = p (since q2 <
pq). But as GK∗ = q, both A and A∗ have group-like elements of order
q. Then kGA∗, and hence A∗, contains a Hopf subalgebra of dimension
pq, and the claim follows from (3.11.2).
Combining (3.11.4) and (3.11.3) we get
Theorem 3.11.5. Suppose p > q4, p 6= 1mod q. Then either A or A∗
has a non-trivial central group-like element.
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Proposition 3.11.6. Suppose A is not simple. Then either A or A∗ has a
non-trivial central group-like element.
Proof. By assumption, there is an extension of Hopf algebras 1→ H →
A→ H → 1, where dimH; dimH > 1. By (3.8), we may assume that either
H or H is not commutative or not cocommutative. In particular, replacing
A by A∗ if necessary, we may assume that dimH = pq, dimH = q, and H
is not commutative or not cocommutative. Note that in this case, H ⊆ A is
a Hopf subalgebra of index q; thus, the claim follows from (3.11.2).
Case 3.12 (semisimple Hopf algebras of dimension pq2 obtained by ex-
tension). In this subsection A will be a semisimple Hopf algebra of di-
mension pq2 over k, which is not as simple as a Hopf algebra. Our aim is
to apply the results in Section 1 in order to classify, up to isomorphisms,
all possible A’s. By (3.10.1) and (3.11.1), either A or A∗ has a non-trivial
central group-like element. So the problem reduces to classifying central
extensions
1→ K→ A→ H → 0; (3.12.1)
where H is cocommutative and the afforded weak coaction ρ is trivial. In
particular, H∗ ⊆ A∗ is a central Hopf subalgebra.
Lemma 3.12.2. Let A fit into an extension (3.12.1). Suppose A is non-
trivial. Then dimH = q or p. Moreover, if dimH = p, then K÷k/q ⊕
/q.
Proof. For the first statement, it is enough to show that if A is non-
trivial, then GA∗ ∩ ZA∗ contains no subgroup neither of order q2 nor
of order pq. But if this were the case, A∗ would be isomorphic as an
algebra to the twisted group ring k0tF , where 0 ⊆ GA∗ ∩ ZA∗ is
such a subgroup, and F is the cyclic group of order p (respectively, of
order q), and thus commutative. See (1.3.3)(1).
As to the second claim, observe that if dimH = p, K is necessarily
isomorphic to a group algebra kF , where F is a group of order q2 [Ma].
If F were cyclic, then A∗ would be isomorphic as an algebra to the twisted
group ring kpt/q2, and hence commutative. So the lemma follows.
The next lemma reduces the problem of classifying extensions of the form
(3.12.1) to that of classifying abelian extensions.
Lemma 3.12.3. Let A fit into (3.12.1). If A is non-trivial, then K is com-
mutative.
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Proof. Suppose that K is not commutative. Then dimK = pq and by
[EG2], K is isomorphic to kF , where F = GA is the unique (up to
isomorphisms) non-abelian group of order pq. Also, GH∗ ⊆ GA∗ is a
subgroup of order q.
As A∗ is of Frobenius type, there is an isomorphism of coalgebras
A÷kpq ⊕Mpkn ⊕Mqkm ⊕Mq2kl;
where n, m, l are non-negative integers. In view of (2.2.2), q divides n
and p divides m and l. Hence m = l = 0. Thus, taking dimensions, pq2 =
pq+ np2, and n = qq−1
p
, implying that q = 1modp.
We next claim that GA∗ is of order pq (thus necessarily cyclic, since
it has a non-trivial center). To see this, observe first that the possibility
GA∗ = q2 implies by (2.1.1), since p is the less prime number dividing
dimA, that A has a non-trivial central group-like element, contradicting
the fact that GA is non-abelian of order pq. So, since GA∗ contains a
subgroup of order q, it will be enough to show that GA∗ 6= q.
Suppose on the contrary that GA∗ = q, i.e., that GA∗ = GH∗. As
A fits into (3.12.1), we may find elements g ∈ GA and η ∈ GA∗ of or-
der q, such that GA∗ = ;η; : : : ; ηq−1 and η; g = 1. This contradicts
(3.10.10), so the claim follows.
By the assumption (3.12.1), there exist η ∈ GA∗, and g ∈ GA of
order q, such that η; g = 1.
Let η ∈ GA∗ of order p. If η and g are as above, then we have η; g =
η; g = 1. This implies that there is an extension 1→ k0→ A∗ → kF →
1, where 0÷GA∗ is the cyclic group of order pq and F is the cyclic group
of order q. In this case, by the claim in the proof of (3.8), A is trivial. So
the lemma follows.
Combining the previous lemmas we get the following theorem.
Theorem 3.12.4. Suppose A is non-trivial. Then either
(i) p = 1mod q, and A is isomorphic to either of the Hopf algebras
Al, 0 ≤ l ≤ q− 1, in (1.3.9)(ii); or
(ii) q = 1modp, and A is isomorphic to either of the Hopf algebras
Bλj or B
∗
λj
, 1 ≤ j ≤ n, where n = 1 if p = 2, n = p+12 if p > 2, and
0 ≤ λj < p− 1 are such that λiλj 6= 1modp, if i 6= j. See (1.3.11), (1.4.12).
The reader can find, e.g., in [Bu, Section 59] the classification of the
groups of order pq2. This completes the classification of the semisimple
Hopf algebras of dimension pq2 over k, which are not as simple as Hopf
algebras.
Proof. After dualizing if necessary, we may assume that A fits into an
extension (3.12.1). Suppose first p > q. By (3.12.2) and (1.4.3), dimH = q.
semisimple hopf algebras 275
Then, by (3.12.3), K÷k0, where 0 is a group of order pq. Hence part (i)
follows from (1.3.7) and (1.3.9)(ii), since the Hopf algebras Al are all self-
dual.
Suppose now p < q. If dimH = q, then K, being commutative by
(3.12.4), cannot be cocommutative, since this would imply K÷k/pq,
and hence A∗ commutative; cf. (1.3.3)(1). In particular, we get that
q = 1modp in this case.
On the other hand, by (3.12.4), K÷k/qi /p, and part (ii) follows from
(1.3.11).
Suppose now dimH = p. By (3.12.2), K÷k/q⊕/q. Also, we may assume
that A contains no non-trivial central group-like element, otherwise, after
dualizing, we reduce to the situation in the preceeding paragraph. So in
particular p > 2. By Section 3, q = 1modp and A is isomorphic to either
of the Hopf algebras B∗λ as claimed.
4. ABELIAN EXTENSIONS IN DIMENSION pqr
In this section we assume that r < q < p are prime numbers. We deter-
mine the isomorphism classes of Hopf algebras A of dimension pqr over
k that fit into an abelian extension (1.2.1). For this, we prove that the non-
trivial examples arise from extensions of the form (1.3), and then we use
the results there.
We assume from now on that dimA = pqr and A fits into an abelian
extension (1.2.1). We will use the following lemma. Its proof follows from
[Bu, Section 128].
Lemma 4.1. Let G be a group of order pqr. Then G has a unique (nor-
mal) subgroup P of order p and a unique (normal) subgroup H of order pq.
Also, P ⊆ H and P GH.
Lemma 4.2. Either of the afforded actions Gx 0×F → 0 or Fx 0×F → F
is trivial.
Proof. Suppose on the contrary that G and F are both non-trivial. De-
note by G = F FG 0 the group associated to these actions as in (1.2.4). By
assumption, neither 0 nor F are normal subgroups in G. Hence, by (4.1),
0 6= p and F  6= p, which in turn implies that also 0 6= rq and F  6= rq.
Similarly, by (4.1), 0 6= pq and F  6= pq, from where, also, 0 6= r and
F  6= r. Hence, eventually dualizing (1.2.1), we may assume that 0 = pr
and F  = q.
Let P and H be as in (4.1). Then, as P is the only subgroup of G of
order p, P ⊆ 0. Also, P;F = H, is the only subgroup of G of order
pq. If F were normal in H, then it would be the only subgroup of H
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of order q; and as H is normal in G, this would imply that F is normal
in G, against our assumption. Thus, p = 1mod q, and H = PiF . Let
H = b; ax bp = aq = 1y aba−1 = bt be a presentation of H by generators
and relations, where t is a primitive qth root of 1 modulo p. So that P = b
is normal in G.
On the other hand, the quotient group G/H is of order r. This implies by
the Schur–Zassenhaus lemma that G is a semidirect product HiR, where
R = 1; : : : ; gr−1 is the cyclic group of order r, associated to some action
by group automorphisms R→ AutH. Now, by (1.3.4), AutH is a group
of order pp − 1. So r must divide p − 1, and the action of R on H is
given (up to isomorphisms) by g · b = bm, g · a = a, for some primitive pth
root of 1 modulo p. In conclusion, we get that
G = 〈b; a; gx bp = aq = gr = 1; aba−1 = bt; gbg−1 = bm; gag−1 = a
is a presentation of G in terms of generators and relations. From this it is
clear that G contains a normal subgroup S of order pr, S = b; g.
We claim that S and 0 are conjugate in G, from where the normality of 0
follows at once, contradicting our assumption and finishing the proof of the
lemma. To prove the claim, consider the natural action of S on the space of
left cosets X = G/0, s · x0 = sx0, for all s ∈ S, x ∈ G. Since the cardinality
of X is G x 0 = q, this action corresponds to a group morphism S→ q.
But, by assumption, q < p; hence the subgroup P of S acts trivially on X,
and then the action factorizes through S/P ÷R. Applying the class equation
to this R action, we get that #XS/P 6= 0. Hence, there exists x ∈ G such
that sx0 = x0, ∀s ∈ S, or x−1Sx ⊆ 0, as claimed.
Remark 4.3. If A fits into an extension (1.2.1), where 0 = p1p2, F  =
p3, p1; p2; p3 = p; q; r, and the action Gx 0× F → 0 is trivial, then by
(1.3.3)(1), A is commutative. Hence, if A is non-trivial, and after dualizing
if necessary, we may assume that A fits into an extension
1→ k0→ A→ kF → 0; 4:4
where 0 = p1p2, F  = p3, p1; p2; p3 = p; q; r.
Lemma 4.5. Let A fit into an extension (4.4). Suppose A is non-trivial.
Then p = 1mod qr and either of the following possibilities hold:
(i) The order of 0 is rp and the order of F is q.
(ii) The order of 0 is pq and the order of F is r.
Proof. We first claim that F  6= p, i.e., that (i) or (ii) hold. For this, sup-
pose on the contrary that F  = p. Then the afforded action by group auto-
morphisms Gx 0×F → 0 is necessarily trivial, by the assumption r < q < p.
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This implies that, as algebras, A÷k0tF is commutative, contradicting our
assumption. So the claim follows.
As the group 0 cannot be cyclic, since this would imply A is cocommu-
tative, then 0 is not abelian. Hence, if the order of 0 is pr, we must have
p = 1mod r and 0÷/pi /r. From this we obtain, using (1.3.4), that
p = 1mod q. Thus we get the condition p = 1mod rq. The case where
0 = pq is similarly handled.
Combining the previous lemmas with the results in (1.3), we get
Theorem 4.6. Let A be a Hopf algebra of dimension pqr, r < q < p,
such that A fits into an abelian extension (1.2.1). Suppose A is non-trivial.
Then p = 1mod qr and A is isomorphic as a Hopf algebra to exactly one of
Apr; q or Apr; q∗÷Apq; r.
Proof. It is proved in [AN, (2.3.2)] that Apr; q∗÷Apq; r and
Apr; q 6∼= Apq; r. Now, the theorem follows from (4.3), (4.5), and
(1.3.9)(i).
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